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We analyze the dynamics of a Luttinger model following a quench in the electron-electron inter-
action strength, where the change in the interaction strength occurs over a finite time scale τ . We
study the Loschmidt echo (the overlap between the initial and final state) as a function of time,
both numerically and within a perturbation scheme, treating the change in the interaction strength
as a small parameter, for all τ . We derive the corrections appearing in, a.) the Loschmidt echo for
a finite quench duration τ , b.) the scaling of the echo following a sudden (τ → 0) quench, and c.)
the scaling of the echo after an adiabatic (τ → ∞) quench. We study in detail, the limiting cases
of the echo in the early time and infinite time limit, and provide scaling arguments to understand
these in a general context. We also show that our perturbative results are in good agreement with
the exact numerical ones.
I. INTRODUCTION
There is a recent upsurge in the studies of non-
equilibrium dynamics of quantum many body systems1–3
driven across a quantum critical point (QCP) or gap-
less critical regions4. Possibility of experimental real-
ization in cold atomic systems1,5 has paved the way for
a plethora of theoretical works to investigate the time
dependent evolution and detection of quantum many
body systems. In particular, quenching of interactions
by means of Feshbach resonances or changing the lattice
parameters as a function of time has motivated numerous
theoretical1 and experimental works6.
In this article, we explore the behaviour of the
Loschmidt echo (LE), which is defined as the overlap
of wave functions, |Ψ0(t)〉 and |Ψ(t)〉, evolving from the
same initial state, but with different Hamiltonians H0
and H, respectively. It is given by
L(t) = ∣∣〈Ψ0|eiH0te−iHt|Ψ(t)〉∣∣2 , (1)
and is usually interpreted as a measure of the hyper-
sensitivity of the time evolution of the system to
the perturbations experienced due to the surrounding
environment7,8. It is also interpreted as the time evolved
fidelity following a quantum quench9,10 in the sense that
L(t) measures the overlap between the initial ground
state |Ψ0〉 (of H0) and the corresponding time evolved
state |Ψ(t)〉 = e−iHt|Ψ0〉, when H0 is changed to H . In
the context of a quantum phase transition, the LE has
been found useful in detecting a QCP showing a sharp
dip in its vicinity11,12; it also shows an early time decay
with the decay constant characterized by the critical ex-
ponents of the associated quantum phase transition13. In
recent years the LE, which is also related to the orthog-
onality catastrophe, has been probed experimentally14.
Although the temporal evolution of the echo following a
quantum quench across a QCP has been studied in sev-
eral works9,10,15–19, the same when the quantum system
is quenched within a gapless critical phase has gained
more prominence in recent times20–26.
In this work, we focus on a paradigmatic one dimen-
sional interacting system with a gapless phase, namely
the Luttinger model27 (LM) which is characterized by
bosonic collective modes as elementary excitations. LM
can be seen as a fixed point, in the renormalization group
sense, for a large class of gapless quantum many-body
systems in one dimension, i.e., the equilibrium, low en-
ergy properties of many one-dimensional systems are uni-
versally described by the LM. Interacting cold atoms in
a one dimensional trap mimics such LMs28, as confirmed
by existing experiments29. Other systems where LM is
relevant are various spin models or interacting fermion
systems13,30,31.
The LM has recently been studied from the view point
of quantum quenches and thermalization20,32–34. Here,
we study the non-equilibrium properties of a LM, due to
a change in the interaction parameter achieved over finite
span of time given by τ , investigating the behaviour of the
LE. In particular we will focus on an interaction quench
in a LM using a linear protocol from an initial state to a
final state.
The paper is organized in the following manner. In Sec
II, we introduce the model Hamiltonian, i.e. LM, with
an interaction quench, and calculate the Loschmidt echo;
within the central spin model, where a qubit is coupled
to a quantum many body system, the LE measures the
decoherence of the qubit11. In Section III, we reproduce
the limiting behaviour of the LE for sudden (τ → 0) and
adiabatic quench (τ →∞), where we also argue that the
result in the adiabatic case can also be interpreted by
visualizing an adiabatic quench as a process that leads
to the formation of an interacting Luttinger liquid from
a non interacting 1D system. In section IV, we study the
LE for a finite time linear interaction quench a.) within
a perturbation scheme with quench amplitude (or the
change in the interaction strength) as the small parame-
ter and b.) numerically. In Section V, we analyze the LE
in various limits, particularly focussing on the early time
(immediately after quench) and asymptotic (t→∞) be-
haviour both for small and large τ and discuss alternate
scaling arguments in a more general context. The sum-
mary and discussion of our results is presented in section
VI. We note at the outset that we shall denote the LE
for fast quench (small τ) and slow quench (large τ limit)
using the notations LSQ+ and LAQ− , respectively.
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2II. LUTTINGER MODEL AND THE
LOSCHMIDT ECHO
The low energy properties of interacting 1D bosons or
that of spin chains can be described in terms of bosonic
sound like excitations, in the LM. The initial LM Hamil-
tonian, we consider is given by27
Hi =
∑
q 6=0
(
v0|q|b†qbq +
gi|q|
2
[
bqb−q + b†qb
†
−q
])
. (2)
Here, v0|q| is the ‘linearized’ excitation spectrum of
the non-interacting bosons, gi is the initial interaction
strength, and b†q (bq) is the creation (annihilation) op-
erator describing the bosonic density excitations. The
Hamiltonian in Eq.(2) being quadratic in bosonic opera-
tors can be easily diagonalized in terms of new bosonic
quasiparticle operators (βq, β
†
q), using the standard time-
independent Bogoliubov transformation bq = uq βq −
vq β
†
−q. The commutation relations for the bosonic op-
erators enforce the condition, |uq|2 − |vq|2 = 1, which
enable us to use the parameterization, uq ≡ cosh(φq),
and vq ≡ sinh(φq). One can easily arrive at the condi-
tion that diagonalizes Hamiltonian (2), given by,
tanh(2φq) =
gi
v0
or e−2φq =
(
v0 − gi
v0 + gi
)1/2
≡ Ki . (3)
Here Ki is the dimensionless LM interaction parame-
ter which characterises the initial strength of interaction.
Note that Ki = 1 for a non interacting system, Ki < 1
for repulsive (gi > 0) electron electron interactions and
Ki > 1 for attractive (gi < 0) electron electron interac-
tions. The Bogoliubov coefficients can be expressed as
uq =
√
v0 + gi +
√
v0 − gi
2(v20 − g2i )1/4
=
Ki + 1
2
√
Ki
, and (4)
vq =
√
v0 + gi −√v0 − gi
2(v20 − g2i )1/4
=
Ki − 1
2
√
Ki
. (5)
The diagonalised Hamiltonian in terms of new bosonic
operators is given by
Hi = εi +
∑
q 6=0
vi|q| β†qβq, (6)
where vi =
√
v20 − g2i , is the renormalized velocity and
εi is the ground state energy of Hi with respect to the
non-interacting ground state. The initial quasiparticle
dispersion spectra is given by ωi(q) = vi|q|; clearly, the
ground state of Hi is the vacuum of the β bosons.
To study the dynamics of the LM, we quench the inter-
action strength from an initial value gi to a final value gf
within a quench time τ . The quench in the interaction pa-
rameter is described by incorporating an additional time
dependent term in the Hamiltonian [Eq.(2)]
H ′ =
∑
q 6=0
δg|q|Q(t)
2
[bqb−q + b†qb
†
−q], (7)
where δg = gf − gi, and Q(t) is the quench protocol sat-
isfying Q(t < 0) = 0 and Q(t > τ) = 1; the cases τ = 0
and τ → ∞ refer to the sudden and adiabatic quench-
ing schemes, respectively. The time dependent Hamilto-
nian (H = Hi + H
′), can now be recast in terms of the
β bosons using the standard Bogoliubov transformation
(bq = uqβq − vqβ†−q) to the form:
H(t) = εi +
∑
q 6=0
{(
vi − giδgQ(t)
vi
)
|q|β†qβq+
+
δgQ(t)v0
2vi
|q|[βqβ−q + β†qβ†−q]−
δgQ(t)gi
vi
|q|
}
. (8)
Redefining the time-dependent parameters as v(t) =
(vi−δgQ(t)gi/vi), and g(t) = (δgQ(t)v0/vi), and ignoring
unimportant constants, one finds
H(t) =
∑
q 6=0
(
v(t)|q| β†qβq +
g(t)|q|
2
[
βqβ−q + β†qβ
†
−q
])
.
(9)
The time evolution for the quadratic Eq.(9) is obtained
by the Heisenberg equation of motion, leading to
i∂tβq = v(t)|q| βq(t) + g(t)|q| β†−q(t) ,
i∂tβ
†
−q(t) = −v(t)|q| β†−q(t)− g(t)|q| βq(t) . (10)
The coupled linear Eq.(10) have solutions of the following
form
βq(t) = f(q, t) βq(0) + h
∗(q, t) β†−q(0) , (11)
where the time-dependence has been completely shifted
to the pre-factors f(q, t) and h(q, t) which satisfy the con-
dition |f(q, t)|2−|h(q, t)|2 = 1 for all times. Also, the op-
erators βq(0) and β
†
q(0), appearing on the right hand side
of Eq.(11) defined, at time t = 0, refer to non-interacting
Bogoliubov bosons describing the initial Hamiltonian in
Eq.(6). Using Eqs.(10)-(11), we obtain coupled differen-
tial equations for the coefficients f(q, t) and h(q, t), sat-
isfying
i∂t
[
f(q, t)
h(q, t)
]
= |q| ×
[
v(t) g(t)
−g(t) −v(t)
] [
f(q, t)
h(q, t)
]
. (12)
with the initial condition [f(q, 0), h(q, 0)] = [1, 0].
Using the generic definition given in Eq.(1), one can
find the LE or the overlap of wave functions time evolved
from the initial ground state with the Hamiltonian Hi
and the time dependent Hamiltonian H(t) [Eq. (9)], re-
spectively. This has been calculated for a spin-less Lut-
tinger model in Ref. [23], and is expressed in terms of
the time dependent coefficients [f(q, t), h(q, t)] as,
L(t) = exp
[
−
∑
q>0
ln
(|f(q, t)|2)] . (13)
In subsequent sections, we solve Eq.(12) to obtain
[f(q, t), h(q, t)] and hence the LE in different situations.
3III. LOSCHMIDT ECHO IN THE ADIABATIC
AND THE SUDDEN QUENCH LIMIT
Before discussing the LE for a finite time quench, let
us briefly reproduce the behaviour of the LE for the lim-
iting cases of adiabatic and sudden quench reported in
Ref.[23]. We reiterate that we are varying the interac-
tion strength from gi to gf in a finite interval of time τ ;
τ → ∞ (τ = 0) limit correspond to the adiabatic (sud-
den) case. For convenience, let us also define the final
renormalized velocity, vf = (v
2
0 − g2f )1/2, and the final
dispersion relation, ωf (q) = vf |q|.
A. Adiabatic quench
In the adiabatic limit, after the quench (t > τ → ∞,
i.e., Q(t) = 1), Eq.(12) has stationary solutions of the
form [f(q, t), h(q, t)] = [fq, hq]e
−iωf (q)t. These solutions
in Eq.(12) together with the final expression for the ve-
locity and interaction strength, v(t > τ) = (v20−gfgi)/vi
and g(t > τ) = (gf − gi)v0/vi, leads to
|f(q, t > τ)|2 = 1
2
+
1
4
(
Kf
Ki
+
Ki
Kf
)
. (14)
Here we have used the constraint |fq|2 − |hq|2 = 1 and
the parameter Kf =
√
[v0 − gf ]/[v0 + gf ] characterizes
the strength of interaction in final state. The LE can
now be obtained by substituting Eq.(14) in Eq.(13), and
is given by
LAQ =
(
1
2
+
1
4
(
Kf
Ki
+
Ki
Kf
))−L/2piα
, (15)
where L is the system size and the momentum sum in
the exponential has been regularized using the ultravi-
olet cut-off 1/α. Here α is a non-universal and model-
dependent short distance cutoff (inverse of the ultravi-
olet cutoff) which is used for the regularization of di-
vergences in the Luttinger model. Since 1/α is a mea-
sure of the maximum wave vector included in the sum of
Eq.(13), and the separation between any two wave vec-
tors is 2pi/L, the exponent L/(2piα), appearing in the
Loschmidt Echo, just represents the number of wave vec-
tors appearing in the sum of Eq.(13). The soft cutoff
α arises, naturally when any finite size physical system
is mapped to the Luttinger model. For example in the
XXZ model, L/(2piα) = pi2Nχf , where N is the number
of lattice sites, and, χf is the known
35, fidelity suscepti-
bility around the non-interacting XX point of the XXZ
model23. In the present study, the cut-off renormalizes
the length of L of the system and the scaling relations
derived here depend on the rescaled length L/α.
Clearly the adiabatic LE simply measures the overlap
of the ground state of initial and final Hamiltonians im-
plying that in the adiabatic limit the system is always
in its instantaneous ground state which can be viewed
as the ground state of an instantaneous LM with a time
dependent effective interaction parameter
K(t) =
√
v(t)− g(t)
v(t) + g(t)
. (16)
One can also use this argument to arrive at the result
given in Eq. 15. Using Eq.(16) in Eq.(4), for t > τ , i.e.,
when v(t) = (v20−gfgi)/vi and g(t) = (gf −gi)v0/vi, one
can find out the time independent Bogoliubov coefficient,
|uq|2 = 1
2
+
1
4
(
Kf
Ki
+
Ki
Kf
)
. (17)
After the quench, |uq|2 = |f(q, t > τ)|2 as the interaction
parameter is no longer changing and there is no mixing
of the ±q modes [see Eq.(11)], and this leads to Eq.(15).
We note in passing that the argument presented above
is also consistent with the idea behind the ‘formation’
of an interacting Luttinger liquid state starting from an
initial non-interacting state, Ki = 1, by adiabatically
switching on the interactions. Technically this is evident
by substituting Ki → 1 and Kf → Ki in Eq.(17) which
immediately leads to Eq.(4). We note that the adiabatic
LE turns out to be the modulus squared of the ground
state fidelity, and Eq.(15) is consistent with the ground
state fidelity calculated earlier36.
B. Sudden quench
In the sudden quench limit (τ → 0), for t > 0, the
velocity and the interaction strength assume their time
independent final value, and Eq.(12) can be decoupled to
obtain ∂2t f(q, t) + v
2
f |q|2f(q, t) = 0. Solving this with the
initial condition, f(q, 0) = 1, we get
f(q, t) = cos(vf |q|t)− i
2
(
Kf
Ki
+
Ki
Kf
)
sin(vf |q|t) . (18)
(An identical result has also been derived in Ref.[20] using
forward Bogoliubov transformation which is followed by
the backward one). Using Eq.(18), we find the decay in
the LE in the very short time limit (t α/vf )) given by
LSQ(t) ≈ exp
[
− L
2piα
(
Kf
Ki
− Ki
Kf
)2 v2f t2
12α2
]
. (19)
We note that this is the usual gaussian decay of a LE
expected (from a perturbation theory point of view) for
a sudden quench7,13.
In the large time limit (t α/vf ), on the other hand,
one can neglect a small oscillating term with decaying
amplitude (as t increases), to obtain a simplified time
independent form of the echo,
LSQ(t α/vf ) =
(
1
2
+
1
4
(
Kf
Ki
+
Ki
Kf
))−L/piα
. (20)
4We emphasize that in the long time t → ∞ limit,
LSQ = L2AQ; this correspondence has been reported in
the Ref. [23] (also see Ref. [37]). In the adiabatic limit,
LAQ = |〈Gf |G0〉|2 where G0 and Gf are the ground
states of the initial and final Hamiltonian, respectively.
On the other hand, in the sudden limit, the LE takes the
form L = |〈Φ(t)|Φ0(t)〉|2 = |〈G0|eiHte−iH0t|G0〉|2. When
expanded in eigenstates of final Hamiltonian, only the
ground state contributes to LE in the asymptotic limit,
while the oscillating terms due to the excited states in-
terfere destructively and vanish as t→∞; one therefore
finds LSQ|t→∞ = |〈Gf |G0〉|4, thereby yielding the corre-
spondence LSQ = L2AQ.
IV. LOSCHMIDT ECHO FOR THE FINITE
TIME LINEAR QUENCH
In this section we focus on the interaction quench in a
LM from an initial value gi to a final value gf introduced
over a finite interval time τ using the quenching protocol,
Q(t ≤ 0) = 0, Q(0 < t < τ) = t/τ and Q(t ≥ τ) = 1.
We use Eq.(12) which can be decoupled in different
regimes. For all quenching schemes, we get
f¨ + v2i q
2f = 0 and h¨+ v2i q
2h = 0 , (21)
for t < 0 while for t ≥ τ
f¨ + v2fq
2f = 0 and h¨+ v2fq
2h = 0 . (22)
where we have dropped the arguments q, t for f(q, t) and
h(q, t). However for the quenching scheme we are inter-
ested in, we have the following set of coupled equations
during the interval 0 < t < τ i.e., when the interaction
is being quenched
f¨ − f˙
t
+
[
v20q
2 − (gi + δgt/τ)2 q2 − ivi|q|
t
]
f = 0 ,
h¨− h˙
t
+
[
v20q
2 − (gi + δgt/τ)2 q2 + ivi|q|
t
]
h = 0 .
(23)
We solve these linear second order inhomogeneous equa-
tion using numerical techniques. However, we also con-
sider the case when the change in the interaction param-
eter δg is small and employ a perturbative expansion in
δg → 0, to gain insight of the time-evolution of the LE
following a linear quench. We emphasize that the δg → 0
limit happens to be analogous to the adiabatic quench
regime of τ → ∞, as only the combination of δg/τ ap-
pears in Eq.(23).
We now find the perturbative solutions of Eq.(12)
[or equivalently Eq.(23)], with the boundary conditions
[f(q, t = 0), h(q, t = 0)] = [1, 0], in terms of the small
interaction parameter, i.e., δg << vi. The solutions of
Eq.(22) are just harmonically varying functions of con-
stant frequency (ωf ), whose constant coefficients need to
be determined through boundary condition at t = τ ; this
necessitates solving Eq.(23) to obtain the value of the
functions [f(q, τ), h(q, τ)].
Solution for t < τ (i.e., within the interval dur-
ing which the interaction term is being changed): using
Eq.(12), we get22 to lowest order in δg, i.e., O(δg),
f(q, 0 < t < τ) ≈ exp(−ivi|q|t)
h(q, 0 < t < τ) ≈ iδgv0|q|
viτ
e
i[vit− δggi2viτ t
2]|q|
×
∫ t
0
t′e−2ivi|q|t
′
e
i
δggi|q|
2viτ
t′2
dt′ . (24)
The integral on the RHS of above equation can be eval-
uated exactly to obtain,
h(q, t) =
v0
gi
e
−i
(
2v2i t+
giδgt
2
τ +
4v4i τ
giδg
)
|q|
2vi
[
e
2iv3i τ|q|
giδg
(
−e2ivi|q|t + e
igiδg|q|t2
2viτ
)
+ (1 + i) e2ivi|q|t
× vi
√
piτvi|q|
giδg
{
Erfi
(
(1 + i)vi
√
vi|q|τ√
giδg
)
+ Erfi
(
(1 + i)(giδgt− 2v2i τ)
√|q|
2
√
giδgviτ
)}]
, (25)
where Erfi(z) = −i Erf(iz), is the imaginary error func- tion. We expand the expression in Eq.(25) in powers of
5δg, retaining only the lowest order term. This simplifies
Eq.(25) upto O(δg) to the form,
h(q, t ≤ τ) ≈ δgv0
2v2i
(
sin(vi|q|t)
vi|q|τ −
t
τ
e−ivi|q|t
)
. (26)
Solution for t ≥ τ : In order to calculate the coeffi-
cients in t ≥ τ regime, i.e., after the interaction reaches
its final value, we use Eq. (26) at t = τ as the boundary
condition for Eq. (22) and obtain the time evolution of
h(q, t ≥ τ) to be
h(q, t ≥ τ) ≈ δgv0
2v2i
[
sin(vi|q|τ)
vi|q|τ e
ivi|q|(t−τ) − e−ivi|q|t
]
.
(27)
The first term in the square brackets dominates the time
evolution for small τ (i.e., τ << 1/ωi), and the second
term yields the time evolution for large τ (i.e., τ >>
1/ωi). One can readily obtain the exact results for the
sudden (τ = 0) as well as adiabatic (τ = ∞) quench
limits
hSQ(q, t ≥ τ) ≈ iδgv0
v2i
sin(vi|q|t) , and
hAQ(q, t ≥ τ) ≈ −δgv0
2v2i
e−ivi|q|t , (28)
to lowest order in δg. Eq.(27) provides the perturbative
solution of h(q, t) (which in fact yields the number of ex-
cited states with respect to the vacuum of the βq bosons
generated during the quenching process) in powers of δg,
for finite τ at all times and appropriately reduces to the
sudden and adiabatic quench limits.
We now proceed to study the LE by means of the per-
turbative solution in powers of small parameter δg. Using
Eq.(27), and the constraint |f(q, t)|2 − |h(q, t)|2 = 1, we
find |f(q, t)|2, which is then substituted in Eq.(13) to ob-
tain the finite τ behaviour of LE for a finite time, i.e.,
t ≥ τ in the perturbative limit:
L(t) = exp
[
− L
2pi
∫ 1/α
0
ln
(
1 +
δ2gv
2
0
8v4i
[
1
v2i q
2τ2
+ 2− cos(2vi|q|τ)
v2i q
2τ2
+
2
vi|q|τ {sin(2vi|q|(t− τ))− sin(2vi|q|t)}
])
dq
]
,
≈ exp
[
− L
2piα
δ2gv
2
0
4v4i
(
1− α
2
v2i τ
2
sin2
(viτ
α
)
+
α
viτ
{
−Si
(
2vit
α
)
+ Si
(
2vi(t− τ)
α
)
+ Si
(
2viτ
α
)})]
.
(29)
In the above equation, the function Si(x) is the SinInte-
gral of x defined as Si(x) =
∫ x
0
(sin t/t)dt, with 1/α as the
upper momentum (ultra-violet) cut-off. The above ex-
pression provides a generic form of the LE as a function of
τ and t which will be used extensively in the subsequent
calculations. In the adiabatic quench case (τ →∞), only
the first term in the exponential of Eq.(29) contributes,
while in the sudden quench limit (τ → 0), the first and
the second terms in the exponential of Eq.(29) contribute,
resulting in the following expressions,
LAQ(t ≥ τ) = exp
[
− L
2piα
δ2gv
2
0
4v4i
]
, and (30)
LSQ(t ≥ τ) = exp
[
− L
2piα
δ2gv
2
0
2v4i
]
. (31)
which satisfy the correspondence LSQ = L2AQ established
for an arbitrary value of δg
23.
In Fig.1, we plot the temporal evolution of the LE for
a fast quench, with τ = 0.2, obtained both numerically
and analytically for small δg . As anticipated earlier, we
find very good agreement between the perturbative and
the exact results.
The case of a slow quench, for τ = 5, is shown in Fig.2.
Although, the quantitative agreement between the per-
turbative and the exact solutions is not as perfect as the
small τ case, the perturbative solutions still capture all
the qualitative features. However, it is worth noting that
for both fast and slow quenches, the LE shows a damped
oscillatory behaviour which saturates to some finite value
in the infinite time limit. The dimensionless time period
of these oscillations can be estimated using Eq.(29) and
is given by T = piα/(viτ), which corresponds to a value of
5 and 0.2 for Fig.1 and Fig.2 respectively. The damped
oscillatory nature of the LE, and its saturation to an
asymptotic constant value with time, are characteristics
of the LE that has also been observed following a linear
quench across the QCP of a transverse Ising chain9.
V. LOSCHMIDT ECHO IN DIFFERENT LIMITS
In this section we focus our efforts on studying the
behaviour of the LE in the early time limit immediately
after the quench [(t/τ − 1)→ 0] and also the asymptotic
large time limit [t/τ → ∞]. In particular, we will be
interested in the corrections to the LE in the sudden and
the adiabatic limits.
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FIG. 1: (Color online) Plot for logL(t), in units of L/(2piα),
as a function of time for viτ/α = 0.2pi and δg/vi = 0.1 for an
initial choice of gi/vi = 0.1 (i.e., Ki = 0.91). The solid (blue)
line denotes the exact numerical result [based on Eq.(12)] and
the dotted(red) line shows the perturbative solution [based on
Eq.(29)]. The solid horizontal line is the analytical expression
for the LE in the sudden quench limit (for τ → 0 and t→∞).
The shaded region marks the ‘quench’ interval during which
the interaction parameter is changed.
A. Loschmidt Echo in the early time limit
To find the early time limit after the quench, i.e., when
0 < t− τ < α/vi, Eq.(29) can be expanded in powers of
t− τ (see Fig. 3). For the case of t = τ , the last term in
Eq.(29) vanishes and LE simplifies to the form
L(τ) = exp
[
− L
2piα
δ2gv
2
0
4v4i
(
1− sin
2 (viτ/α)
v2i τ
2/α2
)]
. (32)
The behaviour of the early time LE for a fast quench,
i.e., in the small τ limit, can be investigated by taking
the limit τ → 0 in Eq. (29), and to the lowest order in τ
for 0 < t− τ < α/vi, it is given by
LSQ+(t) ≈ exp
[
− L
2piα
δ2gv
2
0
3α2v2i
{
t2 − τ(t− τ/4)}] . (33)
Here the first term corresponds to the expected gaus-
sian decay of the LE, with a decay constant independent
of τ , which is a generic feature of the LE following a
quench7,13. On the other hand, the second term depends
on τ , and indicates a correction to the proper Gaussian
decay; thereby it carries a signature of the fact that the
interaction has been quenched over a finite interval of
time. As expected, this correction term vanishes when
τ = 0.
For a slow quench, i.e., large τ , to lowest order in τ we
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FIG. 2: (Color online) Plot for logL(t), in units of L/(2piα),
as a function of time for viτ/α = 5pi and δg/vi = 0.1 for an
initial choice of gi/vi = 0.1 (i.e., Ki = 0.91). The solid (blue)
line denotes the exact numerical result [based on Eq.(12)] and
the dotted(red) lines shows the perturbative solution [based
on Eq.(29)]. The solid horizontal line is the analytical expres-
sion for the LE in the adiabatic quench limit (for t → ∞).
The shaded region marks the ‘quench’ interval during which
the interaction parameter is changed.
find the following form for the LE for all times,
LAQ−(t) = exp
[
− L
2piα
δ2gv
2
0
4v4i
{
1− sin
2(viτ/α)
v2i τ
2/α2
+
2(t− τ)
τ
− 2v
2
i
α2
(t− τ)2
τ
cos(2viτ/α)
2viτ/α
}]
.
(34)
Here the first term in the exponential, is the echo for the
adiabatic case and as expected it is independent of time
and the quench rate. The expression in Eq.(34), can be
simplified to obtain the early time behaviour for a slow
quench. Retaining the most dominant correction term in
τ for 0 < t− τ < α/vi, we obtain:
LAQ−(t) ≈ exp
[
− L
2piα
δ2gv
2
0
v4i
{
1 + 2
(t− τ)
τ
}]
. (35)
We emphasise that, for a finite quench rate, we find that
the correction to the early time behaviour of the LE, after
a slow quench, shows a linear exponential decay in time.
The corrections to the early time behaviour of the LE
due to a finite quench rate, primarily arise due to the
fact that the state from which the early time behaviour
is observed, i.e. ψ(t = τ), is neither a ground state of
the initial Hamiltonian, nor of the final Hamiltonian. In
general ψ(t = τ) incorporates ‘defects’ (excited states
contributions) for a finite quench rate (τ), over the ini-
tial ground state at t = 0. This actually leads to the
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FIG. 3: (Color online) Plot for logL(t), in units of L/(2piα),
in the early time limit as a function of τ . Here we have chosen
t = τ+0.1, and δg/vi = 0.1 for an initial choice of gi/vi = 0.1.
The solid (blue) line denotes the exact numerical result and
the dashed(red) lines shows the perturbative solution. The
solid horizontal line is the analytical expression for the LE in
the sudden quench limit (for t→∞).
difference in the early time behaviour both in the large
τ and small τ limits, manifested in Eqs. (37) -(39).
B. Loschmidt Echo in the large time limit
In this subsection, we use the exact expression of LE
[Eq.(29)], in the perturbative limit of δg, to study the
behaviour of LE in the infinite time limit. As t → ∞,
Eq.(29) reduces to,
L(t→∞) ≈ exp
[
− L
2piα
δ2gv
2
0
4v4i
(
1− sin
2 (viτ/α)
v2i τ
2/α2
+
α
viτ
Si
(
2viτ
α
))]
. (36)
For small τ , incorporating correction to the lowest or-
der in τ appearing in Eq.(36), we find
LSQ+(t→∞) ≈ exp
[
− L
2piα
δ2gv
2
0
2v4i
{
1− v
2
i τ
2
18α2
}]
; (37)
where the sudden quench result [Eq.(31)] is recovered
for τ = 0. This is to be noted that the lowest order
correction term (over the τ = 0 case) scales as τ2 which
can be be understood physically using a simple quantum
mechanical argument. The system changes over a time
scale of τ , and the time evolved wave function can be
obtained by integrating the Schro¨dinger equation within
the interval [0, τ ]:
|ψ(τ)〉 − |ψ(0)〉 = − i
h¯
∫ τ
0
H(t) dt . (38)
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FIG. 4: Plot for logL(t), in units of L/(2piα), in the large time
(asymptotic) limit as a function of τ . Here we have chosen
t = τ +50, and δg/vi = 0.1 for an initial choice of gi/vi = 0.1.
The solid (blue) line denotes the exact numerical result and
the dashed(red) lines shows the perturbative solution. The
solid (dashed) horizontal line is the analytical expression for
the LE in the adiabatic (sudden) quench limit for t→∞.
Since the integrand is finite, the integral is of the order of
τ [see Ref. 38]. We therefore get a correction which varies
as τ2, in the probability of excitation to the n-th excited
state, which is given by Pn = |〈ψ0|ψn〉|2. Here |ψ0〉 is
the initial ground state and |ψn〉 is the n-th excited state
associated with the final time evolved Hamiltonian. This
correction scaling as τ2 appears in the LE when LM is
being quenched with a small but finite τ .
In the limit of large τ , the LE in the asymptotic limit
is obtained by retaining only lowest order term (of the
order 1/τ) in Eq.(36); this is given by
LAQ−(t→∞) ≈ exp
[
− L
2piα
δ2gv
2
0
4v4i
{
1 +
piα
2τvi
}]
. (39)
The second term of Eq.(39) represents the first order cor-
rection in τ over the adiabatic quench (τ =∞ limit). We
emphasise that the correction to the LE over the adia-
batic limit for t→∞ scales as 1/τ .
This can be understood by the following argument39.
Lets assume a parameter λ of a d-dimensional Hamilto-
nian is driven as λ(t) = t/τ within the gapless phase
with quasiparticle energy dispersion as q ∼ A(λ)qz,
where z is the dynamical critical exponent. When the
dynamics is adiabatic, the excitation to higher energy
state becomes suppressed when the rate of change of
λ is small compared to the internal time scale, i. e.,
˙q(λ)/q(λ)  q(λ). For the present model, the inher-
ent time scale is given by L/vi while the external time
scale is τ . Adiabaticity breaks down when ˙q(λ) ∼ 2q(λ).
This leads to a characteristic momentum scale which is
8related to the quench rate τ through the following rela-
tion:
q˜z ∼ 1
τA(λ)
δlnA(λ)
δλ
. (40)
The total number of quasiparticle excitation to higher
state is proportional to the phase space volume q˜d ∼
τ−d/z. This scaling law holds true for d/z ≤ 2. In the
present model, therefore the measure of the defect den-
sity given by |h(q, t)|2 integrated over all momenta mode
scales as 1/τ ; this scaling is reflected in the asymptotic
behaviour of the LE.
One can observe that LSQt→∞ = (LAQt→∞)2 with the
proper adiabatic and sudden limits of τ i.e., τ = ∞ for
perfect adiabatic quenching and τ = 0 for perfect sudden
quenching. But when LM is being quenched through a
finite driving rate 1/τ , the infinite time expressions of
LE, for a fast and a slow quenching scheme, is modified
in a relevant way. The ground state conjecture does not
hold true for a finite τ . The LE in the slow quenching
case could not be described as an modulo square overlap
between initial and final ground state of LM. The finite
τ brings additional contributions coming from higher ex-
cited state to the infinite time LE. In the infinite time
limit LE under a fast quenching scheme is also modified
from the τ = 0 limit of LE.
VI. CONCLUSION
In this manuscript, we have studied the dynamics of a
Luttinger model following an interaction quench when
the quench is applied over a finite duration τ . The
Loschmidt echo for a finite time linear interaction quench
is studied in both large τ and small τ limits. In par-
ticular, we reproduce the results for the adiabatic and
sudden quench limits derived earlier23, and using per-
turbative solutions we estimate the corrections to both
these limiting situations in the early time limit as well as
the infinite time limit. We also compare the perturba-
tive results with the exact numerical ones, and obtain a
reasonably good agreement between them.
Let us summarize the interesting findings of our study:
we find that the correction terms scales as 1/τ in the
large τ limit and as τ2 in the τ → 0 limit which show
up both in the early time and the large time behaviour.
We propose generic scaling relations to justify the scaling
of the correction terms. Finally, our results confirm that
for a finite τ the excited states contribute non-trivially
to the echo even in the asymptotic limit (t→∞).
Note that our results [see for e.g., Eqs. (29)-(39)] de-
pend on the non-universal short distance cutoff, α. This
may be a consequence of the fact that we are using a
linear ramp, whose derivative has discontinuities at t = 0
and t = τ . A Fourier transform of such a non-analytic
ramp has a fat high frequency tail, which is governed by
a power law31. The high frequencies in the tail give rise
to excitations that are beyond the low-energy descrip-
tion of the Luttinger model. We believe that if the linear
ramp were replaced by a smooth quench protocol [e.g.,
tanh(t/τ)-like], then the tail would be exponential and
the inverse ultraviolet cutoff α would not appear in the
results40.
Finally we note that the Luttinger model uses a lin-
earized dispersion relation which is valid only in a small
window of energy around the Fermi points. In any re-
alistic quenching scenario, the system will be excited to
energies where, the non-linearities of the dispersion rela-
tion begin to play a role in the dynamics via the so called
‘umklapp’ scattering of the right- and left-moving modes.
It is commonly argued in the literature that all these de-
viations are irrelevant in the renormalization group sense,
which means that their effects are limited, or that their
effects die out if we wait for long enough times. An-
other way to avoid exciting the system to very high ener-
gies (where the Luttinger model is not valid), is to tune
the interaction parameter (g) in a regime which is much
smaller than the Fermi energy of the system20. However,
it is not completely clear, if the Luttinger model is ap-
propriate to describe the quench dynamics in a realistic
physical system, even though we believe that the long-
term dynamics of the system should be dominated by the
low-energy excitations.
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